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Abstract. In [7], T. Duyckaerts and F. Merle studied the variational 
structure near the ground state solution W of the energy critical NLS 
and classified the solutions with the threshold energy E{W) in dimen- 
sions d = 3, 4, 5 under the radial assumption. In this paper, we extend 
the results to all dimensions d > 6. The main issue in high dimensions 
is the non-Lipschitz continuity of the nonlinearity which we get around 
by making full use of the decay property of W. 

1. INTRODUCTION 

We consider the Cauchy problem of the focusing energy critical nonlinear 
Schrodinger equation: 

{ 4 
iut + A.u+\u\'i-2u = 0, 
u{0,x) = uo{x), 

where u{t, x) is a complex function on M x M'^, d > 3 and uq G H]^{W^). The 
name "energy critical" refers to the fact that the scaling 

u{t, x) ux(t, x) = A"^M(A"^t, X~^x). (1.2) 

leaves both the equation and the energy invariant. Here, the energy is 
defined by 



2d 



E{u{t)) = ^\\Vu{t)g - ^||n(t)|| (1.3) 

and is conserved in time. We refer to the first part as "kinetic energy" and 
the second part as " potential energy" . 

From the classical local theory [5], for any uq € i7^(M'^), there exists a 
unique maximal-lifespan solution of (jl.ip on a time interval (— r_,T+) such 
that the local scattering size 

Si{u) = \\u\\ 2(d+2) < oo, 

for any compact interval / C (— T_,T+). If 5'[o^t+)(^) = oo, we say u blows 
up forward in time. Likewise u blows up backward in time if S^_x^^Qj{u) = 
oo. We also recall the fact that the non-blowup of u in one direction implies 
scattering in that direction. 

For the defocusing energy critical NLS, the global wellposedness and scat- 
tering was established in [21 [191 [251 [6l [21] . I^i the focusing case, depending on 
the size of the kinetic energy of the initial data, both scattering and blowup 
may occur. One can refer to [1] for scattering of small kinetic energy solu- 
tions and [9] for the existence of finite time blowup solutions. The threshold 
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between blowup and scattering is believed to be determined by the ground 
state solution of the equation (jl.ip : 



d-2 

2 



which solves the static NLS 



d+2 

/\W + = 0. 



This was verified by Kenig-Merle [12] in dimensions d = 3, 4, 5 in the spheri- 
cally symmetric case and by Killip-Visan [16] in all dimensions d > 5 without 
the radial assumption. To summarize, we have the following 

Theorem 1.1 (Global wellposedness and scattering |12[ I16j). Let u = 

u{t, x) be the maximal-lifespan solution of (jl.ip on I x in dimension 
d > 3, in the case when d = 3,4, we also require that u is spherically sym- 
metric. If 

:=sup||Vn(t)||2 < ||VVF||2, 
tei 

then / = M and the scattering size of u is finite, 

Si{u) = ||n|| 2(d+2) < C{E^). 

As a consequence of this theorem and the coercive property of W |12j . 
they also proved 

Corollary 1.2 ([H] [H]). Lei d > 3 and uq € In dimension 

d = 3,4: we also require uq is spherically symmetric. If 

E{uo) < E{W), 

llVnolb < ||VT^||2, 

then the corresponding solution u = u{t, x) exists globally and scatters in 
both time directions. 

Theorem 11.11 and Corollary 11.21 confirmed that the threshold between 
blowup and scattering is given by the ground state W. Our purpose of 
this paper is not to investigate the global wellposedness and scattering the- 
ory blow the threshold. Instead, we aim to continue the study in [7] on what 
will happen if the solution has the threshold energy E{W). In that paper, T. 
Duyckaerts and F. Merle carried out a very detailed study of the dynamical 
structure around the ground solution W. They were able to give the char- 
acterization of solutions with the threshold energy in dimensions d = 3,4,5 
under the radial assumption. Note that the energy-critical problem here can 
be compared with the focusing mass critical problem 

A I 1^ 

lUt + Au = —\u\du. 

There the ground state solution Q satisfies the equation 

AQ-Q + Q^+I =0. 

And the mass of Q turns out to be the threshold between blowup and scat- 
tering. The characterization of the minimal mass blowup solution was es- 
tablished in [18], [27], [13], [H]. 
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In this paper, we aim to extend the results in to ah dimensions d > 6. 
Although the whole framework designed for low dimensions can also be 
used for the high dimensional setting, there are a couple of places where 
the arguments break down in high dimensions. Roughly speaking, this is 
caused by the non-smoothness of the nonlinearity; more precisely, in high 

4 

dimensions, the nonlinearity \u\ ^-^u is no longer Lipschitz continuous in the 
usual Strichartz space (see Section 2 for the definition). This reminds us 
of the similar problem one encountered in establishing the stability theory 
for high dimensional energy critical problem where this was gotten around 
by using exotic Strichartz estimates (see, for example, |23j)FI 

However, the exotic Strichartz trick will inevitably cause the loss of deriva- 
tives and one cannot go back to the natural energy space H].. On the other 
hand, the Hi. regularity is heavily used in the spectral analysis around the 
ground state W{See for example the proof of Proposition 5.9 in [7]). To solve 
this problem, we will use a different technique where the decay property of 
W is fully considered. When constructing the threshold solutions (see 
Theorem 11.31 below) . we transform the problem into solving a perturbation 
equation with respect to W using the fixed point argument. Although the 
nonlinearity of the perturbed equation is not Lipschitz continuous for gen- 
eral functions, it is for perturbations which are much smaller than W . The 
reason is that if we restrict ourselves to the regime \z\ <C 1, we can expand 

4 

the real analytic function |1 -|- -z| '^-^ (1 -|- z) (which corresponds to the form 
of energy critical nonlinearity) and get the Lipschitz continuity. This con- 
sideration leads us to working in the space of functions which have much 
better decay than W . The weighted Sobolev space H^'"^ (see (j3.4p for the 
definition) turns out to be a good candidate for this purpose. By doing this, 
besides proving the existence of the threshold solutions W^, we can actu- 
ally show the difference — W has very high regularity and good decay 
properties. 

This property also helps us in the next step where we have to show after 
extracting the linear term, the perturbed nonlinearity is superlinear with re- 
spect to the perturbations. The superlinearity is needed to show the rigidity 
of the threshold solutions W^. This time again we make use of the decay 
estimate of W. We split M'^ into regimes where the solution dominates W 
and the complement. In the first regime, we can transform some portion 
of W to increase the power of the solution, and get the superlinearity (cf. 
Lemma [2.3p . In the regime where the solution is dominated by W, we simply 
use the real analytic expansion. The fact that the difference — W has 
enough decay in space and time plays a crucial role in the whole analysis. 

In all, the material in this paper allows us to extend the argument in [7] to 
all dimensions d > 6. With some suitable modifications, the same technique 
can be used to treat the high dimensional energy critical nonlinear wave 



The main ingredient of exotic Strichartz trick is as follows: instead of using spaces 
5^, we use the space which has the same scaling but lower regularity. The nonlinearity 
can be shown to be Lipshitz continuous in such spaces. (See lecture notes [T3], Section 3 
for more details). 
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equation and we will address this problem elsewhere [T7]. For NLS we have 
the following 

Theorem 1.3. Let d > 6. There exists a spherically symmetric global 
solution W- of ([Ml) with E{W~) = E{W) such that 

||VW^"(t)||2 < ||VW^||2, Vt G M. 

Moreover, W~ scatters in the negative time direction and blows up in the 
positive time direction, in which W~ is asymptotically close to W : 

lim \\W-(t) - WWrrl = 0. 

There also exists a spherically symmetric solution with E{W~^) = E{W) 
such that 

\\VW+{t)\\2 > \\VW\\2, Vt G M. 

Moreover in the positive time direction, blows up at infinite time and 
is asymptotically close to W 

lim \\W+(t) - VFlUi = 0. 

In the negative time direction, blows up at finite time. 

Next, we classify solutions with the threshold energy. Since the equation 
is invariant under several symmetries, we can determine the solution only 
modulo these symmetries. In the spherically symmetric setting, when we 
say n = f up to symmetries, we mean there exist io £ '^o > such 
that 

n(t,x) = e^^«A-'^^(^,f). 
With this convention we have 

Theorem 1.4. Let d > 6, uq £ H^[W^) be spherically symmetric and such 
that E{uq) = E{W). Let u be the corresponding maximal-lifespan solution 
of dLlD on / X W^. We have 

1) If ||Vno||2 < ||VVF||2, then either u = W~ up to symmetries or u 
scatters in both time directions. 

2) If ||Viio||2 = ||VTF|[2, then u = W up to symmetries. 

3) If ||Vtio||2 > ||VH^||2 and uq G L^(M'^), then either \I\ is finite or 
u = W'^ up to symmetries. 

The proof of Theorem 1 1 . 3 1 and 1 1 . 41 will follow roughly the same strategy as 
in [?]• Here we make a remark about the proof of Theorem II. 4[ The second 
point is a direct application of variational characterization of W (see the last 
section for more details). To prove 1) and 3), in [7], a large portion of the 
work was devoted to showing the exponential convergence of the solution 
to W, which after several minor changes, also works for higher dimensions. 
For this reason, we do not repeat that part of the argument and build our 
starting point on the following 

Proposition 1.5 (Exponential convergence to W [?])• Suppose uq, u satisfy 
the same conditions as in Theorem ] 1.4\ and u blows up on I forward in time. 
If\\Vuo\\2 > ||VVF||2, we assume [0,sup/) = [0,oo). // ||Vuo||2 < ||VP^||2, 
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then the solution exists globally and I = M. In all cases there exist 9q G M, 
7o > 0, /xo > such that 

Hi) - W[eo,M Wm < Ce-^'\ V t > 0, (1.4) 

where 

W^e,M{x)=e^'-^,-'^W{^). 

This paper is organized as follows. In Section 2, we introduce some no- 
tations and collect some basic estimates. Section 3 is devoted to proving 
Theorem 11.31 In Section 4, we give the proof of Theorem 11.41 by assuming 
Proposition 11.51 
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2. Preliminaries 

We use X < y or y > X whenever X < CY for some constant C > 0. 
We use 0{Y) to denote any quantity X such that \X\ < Y. We use the 
notation X ^ Y whenever X < Y < X. We will add subscripts to C to 
indicate the dependence of C on the parameters. For example, Cij means 
that the constant C depends on i,j. The dependence of C upon dimension 
will be suppressed. 

We use the 'Japanese bracket' convention (x) := (1 -|- Ixp)^/^. 

Throughout this paper, we will use pc to denote the total power of non- 
linearity: 

d+2 
P^=d^- 

We write L^L^ to denote the Banach space with norm 

with the usual modifications when g' or r are equal to infinity, or when the 
domain R X M"' is replaced by a smaller region of spacetime such as / x $7. 
When g = r we abbreviate L\L\ as 

For a positive integer /c, we use W^'"^ to denote the space with the norm 

o<i<fc 

when p = 2, we write W^''^ as . 
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2.1. Strichartz estimates. Let the dimension d > 6. We say a couple 
{q, r) is admissible if 2 < g < oo and 

2 d _d 
q r 2 

Let / be a time slab. We denote S^{I) = admissible ^t-^xi^ ^ ^'^) ^^'^ 

iV°(/) as its dual space. We will use S^{I) and N^{I) to denote the space of 
functions u such that Vu € <S''^(/) and Vn G iV'^(I) respectively. By Sobolev 
embedding, it is easy to verify that 

hhjLr < \\u\\si^ (2-1) 

for all admissible pairs {q, r) in the sense that 2 < q < oo, and | + 7 = 

^ — 1. Two typical admissible pairs are (00, ^^), (2, ^^)- Other pairs 
will also be used in this paper without mentioning this embedding. 

With the notations above, we record the standard Strichartz estimates as 
follows. 

Lemma 2.1 (Strichartz estimates, [201 [H]). Let k = 0,1. Let I be an 

interval, to ^ I, uq ^ and f € N^{I). Then, the function u defined by 

u{t) := e^(*-*»)^uo - i f e'(*-*')^/(t') dt' 
Jto 

obeys the estimate 

Il^ll5fc(/) ^ ll^ollijfe + ll/llArfe(/)- 

2.2. Derivation of the perturbation equation near W . Let u be the 
solution of (jl.ip and v = u — W , then v satisfies the equation 

idtv + + T{v) + iR{v) = 0, 

where, 

iR{v) = \v + W\''^-^{v + W)- W^^ - P^^WP^-^v - ^^^WP^-^v. 



Define the linear operator C by 

av) = -iAv - i^^^-^WP^~^v - i^^^^WP^"^v. 
^ ^ 2 2 

We write the equation for v equivalently as 

dtv + Civ) + R{v) = 0. 
For the spectral properties of C, we need the following lemma from [7]. 

Lemma 2.2 ([7j). The operator C admits two eigenf unctions 3^+, G 
<S(M'^) with real eigenvalues 

CY+ = eoy+, CY_ = -eoy-, 

and y+ = y^, Co > 0. 

Proof. See Lemma 5.1 of [7]. □ 
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2.3. Basic estimates. We will use the following lemma many times through- 
out this paper. 



Lemma 2.3. Let I be a time slab. We have 



\\WP^-'^VWv\\ 



7V0(/;|D|>iiy) 



< 



u 



\Pc-l 



l5i(/)ll^'ll5i(/) 



Ism/)' 

d-2 



.3 



HereN^{I;\v\ > IW) denotes {I xVl), wheren = {x: \v{x)\ > \W{x)}. 
Similar conventions apply to N^{I; \v\ < jW). 

Proof. The first one follows directly from Holder's inequality, we have 

iii«r"'vHi^o(,)<iihr-^vHi 



2d 



< lln 



iPc-l 
I 2d 

|Pc-l 



llVfll 



^ \m\si(i)\\^\\sHi)- 
Now we verify the second one. Noting |VVF(x)| < {x)~^'^~^\ we have 



\\VW\v\P^-^ 



N°iI:\v\>\W) 

<lll.r-i(x)-('^-|)(.)-f||^o(,^H>iv,) 

3 ,, 



< 



< 



< 



< 



d+3 



\v\ (x) 2 



{xy 



''"^ II 4d 

L2l|^(7xI 



d+§ 



2d+3 4d(d+§) 
- y (d-2){2d-l) 



{/Xl 



d+i 



.3 



To see the third one, we use the bound W^" '^\VW\ < {x) ^ to control 



d+i 



1. 



WP^-^\VW\ < {x)-2\v\^, \v\ > -W, 
the same argument in proving the second one yields the desired estimate. 
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We verify the fourth inequahty: 



3 d+i 



< ||^2(d-2) d-2 II ^ 



3 ±Li 

< ||Ty2(d-2) II 4^||^;|| d-2 



2d+3 2d{2d+3) 



d+3 



II Il51(/xl 



3, 



The last one follows from the bound 

for \v\ < and Holder inequality, as in the second one. 

3. The existence of W~ , . 



□ 



As in [7], we will construct the threshold solutions W~ , as the limit of 
a sequence of near solutions W^{t, x) in the positive time direction. It follows 
from this construction that both W~ and approach to the ground state 
W exponentially fast as t — > +cxd. On the other hand, the asymptotic 
behaviors of W~ and are quite different in the negative time direction 
(see Remark 13. lOp . We begin with the following result: 

Lemma 3.1 ([7]). Let a G M. There exist functions {^'j}j>i in S{W^) such 
that ^1 = o3^+ ( see Lemma \2.2\ for the definition of 3^+ ) and the function 

k 

W^{t,x) = W{x) + ^e-^'^o*$,"(x), 
i=i 

is a near solution of the equation (II. ip in the sense that 
iidt + A)W^ + \W^\^^W^ = El 



where the error e"^ is exponentially small in ). More precisely, yj,M > 
0, J, M are integers, there exists a constant Cj^m such that 

Remark 3.2. Since all <I>j are Schwartz functions, we have the following 
properties for the difference 

k 

Vk = W^-W = J^e-^'^«*$|(x). (3.1) 
i=i 

For any j, m > 0, there exists Ck,j,m > such that 

\{xyV^Vk{t,x)\<Ck,j,me-''>'. (3.2) 
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Next we show that there exists a unique genuine solution of 
(jl.ip which can be approximated by the above constructed near solutions 
Wl^{t,x). The existence and uniqueness of the solution can be trans- 
formed to that of /i := — which satisfies the equation 

idth + Ah = -T{h) - iR{vk + h) + iR{vk) + ie^. (3.3) 

Remark that this is the first place where the proof in [7] breaks down in 
higher dimensions. In [7j for dimensions d = 3,4,5, they made use of the 
fact that the nonlinearity G{h) := —T{h)—iR{v]f^+h)+iR{v]^) is Lipschitz0in 
to construct the solution to (13. 3p by the fixed point argument. In higher 
dimensions d > 6, the Lipschitz continuity does not hold anymore. However, 
since Vk is small compared with W ^ we can use real analytic expansion for 
the complex function |1 + z\^''~^{l + z) to show that R{vk + h) — R{vk) is 
actually Lipschitz in h once h is small. This observation motivates us to 
construct the solution in a certain space consisting of functions which decay 
much faster than W . It turns out that the weighted Sobolev space H^'^ 
with the norm 

\\f\\Hm-= E wi^r^'^'fh (3.4) 

0<j<m 

for large m serves this purpose. 

We have several properties for JJ"^'"^. 

Lemma 3.3 (Linear estimate in i?™'"*). For any m > 1, there exists a 
constant C depending on m such that^ 

We'^^uoWH"^."- < e^l'llluolliT-.m, Vt G M. (3.5) 

Let to > 0, a > 2C and be the space with the norm 

IWWi^tn = supe°*||M(t)||/i-m.m, (3.6) 

t>to 

then the following holds: 

/OO -1 
e*(*--)^F(r)drb,„ < (3.7) 



^More precisely \\G{hi) - G(/i2)||xri < \\hi - hzWgi. 

"^Certainly the estimate (|3.5|l is not optimal. For example, one can improve it to: 
||e''^Mo||ir">."i < (1 + |t|)™||ito Hi/™,™ . However, the rough estimate p.Sp is enough for our 
use. 



10 DONG LI AND XIAOYI ZHANG 



Proof. (|3.5p follows directly from the standard energy method. To obtain 
(j3.7p . we use (|3.5p to estimate 



/oo 
||e^(*-^)^F(T)||H-.-dT 

< / e^("-*)||F(r)||iT™.mdr 



oo 



(|3.7p now follows immediately. □ 

Lemma 3.4 (Embedding in ff*"'™). Let A;i, /c2 be non-negative integers, 
then for any m > ki + k2 + ^ + 1, we have 

ll(x)'-^V^VI|oo<||/k-™, 

where the implicit constant depends only on ki, ^2- 



Proof. Denote [^+] as the smallest integer strictly bigger than |. By Sobolev 
embedding 



we have 



< 



ll(^)'^V^VI|oo 
<||(X)^^V^VI|2 + ||V[^+1((^)'^V'=V)I|2 

<||/||^™,™ + llv^'((^)'^)v[^+i-^'+'Vll2 

0<j<[f+] 

<ii/iiH™.n+ Yl m'^-'v^-^^^-'^'^fh 

o<j<ii+] 

<i 



The lemma is proved. □ 
Lemma 3.5 (Bilinear estimate in ff"^'™). We have 

ll/^ll//"-'" ^ ll/llvF™'"" IbllH™'™) (3-8) 
with the implicit constant depending only on m. 
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Proof. 



0<j<m. 

0<j<mO<A:<j 

0<j<mO<fc<j 

< E E wi^r-'^'ahwv^-'fWoo 

0<j<mO<k<j 

< 



□ 



Lemma 3.6. Let C > 0, j > 2 and m > ^ + 1 + j^, th 

where the implicit constant depends only on m. 

Proof. From the definition and the chain rule, we estimate 

\\{xf^y\\Hm,^ 

< E |Kx)™"'V'((x)^^-/.^-)||2 
0<Z<m 

0<l<m. 

lo + ---la=l 

<jm ^ II (^^ym-l+Cj-lo ^^^-(m-/i+m-/2-f -l+-m-«a-|-l+(j-a)(m-f -1)) || 
0<l<m 

lo + ---la=l 

■ wixr-'^v'^hh ■ \\{xr-''~^~'V'h\\^ ■ ■ ■ 

Since m > ^ + 1 + j^, it is not difficult to verify that the exponent of (x) 
is non-positive in the first factor of the last expression. This combined with 
Lemma 13.41 shows that 



en 



\\{xf'h^\\Hm,n.<r\\h\\^j^,^.^. (3.9) 

□ 

We will prove the following 

Proposition 3.7. Let a € M. Let and = W^{t,x) be the same as in 
Lemma \3.1{ Assume m >3d is fixed. Then there exists > and a unique 
solution W"'{t,x) for the equation in (II. ip which satisfies the following: for 
any k > ko, there exists tk > such that \/ t > tk, 

\\W%t) - WSit)\\H^,^ < e-"*, a = {k + ^)eo. (3.10) 
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Moreover, we have 

WWit) -W - ae-'=°*3^+||iym,,n < e-i"«*. (3.11) 



Proof. Let h = W"' — Wj^, then W°' is the solution of (jl.ip as long as /i is a 
solution of the equation ()3.3p which tends to as t — > oo. From Duhamel's 
formula, it is equivalent to solve the following integral equation 

/oo 
e^(*~')^[-r(/i) - iR{h + Vk) + iR{vk) + iet]{s)ds 

= : ^h{t)). (3.12) 

Define the space Sj^. by = supf^f^ e°*||/(t)||//m,m and introduce the 

unit ball 

Bk = {f = f{t,x): ll/lls,, <1}. 

We shall show that $ is a contraction on iJ^. Taking /i € Bj^, we compute 
the H"^'"" norm of ^>(/i(t)): 

/oo 

\\eiit-^)^Y{his))\\H-^.r^ds (3.13) 

/>oo 

+ / ||e^(*-^)^(i?(/i + ?;fc)-i?(?;fc))(s)||H™.'»f^s (3.14) 

|e^(*-^)^4(s)||H-.'"ds (3.15) 
To estimate (|3.13p , we use Lemma 13. 5[ Lemma 13.31 to get 

/oo 
e^l*-'l||r(/i(s))||H-.™ds (3.16) 

/oo 
gClt-.l ||/l(s)||j;^,„,™cis 

/■oo 



Since a = {k + ^)eo, by taking ko sufficient large, we have 
for all k > ko- 

Now we deal with (f3T5]) . Note that by LemmaEU el{t) = 0(e-(''+i)^o*) 
in 5(M'^). This implies 



-(fc+l)eot 
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Thus, 



^C\t-s\ II a 



el{s)\\H^-"^ds 



(3.18) 



e 2 



- 100 



(A; + l)eo -C 
t > tk and tyt is sufficiently large. 

It remains to estimate (j3.14p . The reason that we can take m derivatives 
is that both and h are small compared to W . Indeed by Remark |3.2^ we 
have 

\vk{t,x)\<\w{x), y t >tk, X eM."^. 



(3.19) 



Moreover, since h £ Sj^, and m > 3d, by Lemma 13.41 we have 

\\{x)''~'h{t)\\^ 

I JJm,m 



< 



As a consequence, we have 



\h{t,x)\<e~^'{xr^'~'^\\hU,^<^W{x). 



(3.20) 



Using (|3.19p and (j3.20p together with the expansion for the real analytic 
function P{z) = |1 + z|^^^^(l + z) for \z\ < | which takes the form 



Piz) = 1 + 



Pc + 1 Pc-1. 

— ^ — z -I ^ — - 



jl+j2>2 



(3.21) 



we write 



i{R{vk + h)- R{vk)) 



Pc+'i^ h _ Pc - 1 /t 
2 ly 2 



■ii+j2>2 



32 



w 



w 



-0( a,C,,WP^-W{vrh^)\., 



(3.22) 



where the last equality following from using binomial expansion and re- 
grouping coefficients, and we have the bound 



a, = 



Cij = O 



Pc{Pc - 1) • • • (Pc - i + 1) 



and \aj \ < 1, 



.... , andC„- < 2\ 
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The notation 0{vl. h^) denotes terms of the form 



Qi -do 
V,, V 



with ai + 02 = j — i, f3i + P2 = i- 

Now we use this expression to estimate 11-^(1^^ + h) — R{vk)\\H^-"^ ■ Using 
Lemma [33] and Lemma BISl we have 



\\R{vk + h) - R{vk)\\H^,^ 
i>2,i<i<j 

+ 2^\\{w-wy~"w-'h'\\Hn^,^ 

j>2,2<i<j 

<Y,'^^\\W-^vi-^\\w^,o.\\h\\H^.rn 



i>2 

j>2,2<i<j 

Applying Remark 13.21 and in view of /i S S^j. , we have 

\\{w-wy-'\\wrn,^ < rc,,me-^'-'^'''. 

Noting moreover that 

\\h\\H^,^ <e-'''\\h\\^,^, 

we estimate 

\\R{vk + h){t) - R{vk){t)\\H^,'^ 

j>2,l<i<j 

j>2,l<i<j 

-100 " " 

The last inequality comes from the fact we can choose tk large enough such 
that the series converges. Now we are ready to estimate (13.140 . Using lemma 
13.31 we have 

/oo 
e'^l*"'l||i?(t;fe + /i)(s) - R{vk){s)\\H---^ds (3.23) 

1 ,. .. .u. .^ 1 ., 
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Collecting the estimates (j3.17p . (j3.18p and (|3.23|) . we obtain 

< ^e-* (3.24) 

for all k > ko and t > t^- Therefore 

which shows that <I> maps to itself. Next we show that $ is a contraction. 
Taking hi and /12 in Sf^., we compute 

||$(/ll(t)) -$(/l2(t))||H'".™ 



</ ||e^(*-^)^r(/ii(s) -/i2(s))||H'".'-f^s (3.25) 
\\e'^'-'^^{R{vk + hi) - R{vk + h2)){s)\\H'^..mds (3.26) 



The estimate of ()3.25p is the same as ()3.16p . we omit the details. To estimate 
()3.26p . we write 

- i{R{vk + hi) - R{vk + h2)) 



i>2 



( Vk + hi ^ Vk + hi _ Vk + h2 , Vk + h2 
W W W W 



ol Yl ajCijWP^-^o(ihi-h2)vi-%' 



^i>2,l<i<i-l 

where the constants aj, Ci,j are the same as in ()3.22p . We are in the same 
situation as before. Therefore, we obtain 

||$(/ll(t)) -^'(/l2(t))||H™.- 

<^e-"*||/ii - /i2||e,,, V A; > A;o, t> tk, (3.27) 

which shows that <^ is a contraction in B^. This proves the existence and 
uniqueness of the solution to the equation in (jl.ip such that ()3.10p holds. It 
only remains to show that VF"(t, x) is independent of k. Indeed, let ki < k2 
and W"", W"- be the corresponding solutions such that 

\\W%t) - W^^{t)\\H^,.. < e-^^'+-2>°\ yt>tk„ 

Without lose of generality we also assume t^-^ < t^,, then the triangle in- 
equality gives that 

\\W^{t) - ^fci(*)lk'".'" < WW^it) - W^^{t)\\H"-,-- + II Yl e'^'^^^ilk-.- 

ki<j<k2 

Therefore W°-{t) = W"-{t) on [t^,^ 00) and we conclude = W°- by unique- 
ness of solutions to (jl.ip . This shows that does not depend on k. The 
existence and uniqueness of the solution to ()3.12p is proved. 
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We finally verify (j3.1ip . Let kQ be the constant specified above, then by 
the triangle inequality and Lemma |3. II we have 

\\W^{t) -W - ae-^°^y+\\H--,^ 



2<j<ko 



<g-feot 



for all sufficiently large t. Proposition 13.71 is proved. □ 

Corollary 3.8. Let w"" = W"" — W, then there exists to > such that for 
all t >to and all 2 < p < oo, we have 

\\{xy^V-w^it)h.<e-^^°\ (3.28) 

as long as h + I2 + ^ + 1 ^ m. In particular, 

lUo^ll ■ < p~5^oi 

11^ llsi([t,oo)) - ^ • 

Proof. Let ko be the same as in Proposition 13.71 then by Remark 13.21 we 
have 

\\w''{t)\\Hm,m < Ww^it) - Vkoit^H"-'"- + \\vko{t)\\H'^^^ 

< e-(fco+i)eoi _^ II e"^'^o*^>^||j^m,,r.. 
i<i<fco 

Thus for to sufficiently large and t > to, we obtain 

An application of Sobolev embedding gives that for any p with 2 < p < 00, 

\\{xy'S/^^w^{t)\y^<\\^''\\H-^-<e-'^^°\ 

provided h + I2 + ^ + 1 < m. The Corollary is proved. □ 

Before finishing this section, we make the following two remarks. 

Remark 3.9. In next section we shall show for a, b such that ab > 0, is 
just a time translation of W^. This will allow us to define as W^^ and 
to classify the solutions with threshold energy. 

The second remark concerns the behavior of in the negative time 
direction. 

Remark 3.10. From the construction of W^{t), it is clear that they both 
approaches to the ground state W exponentially fast as t —>■ +00. For the 
behavior of in negative time direction, we can apply the same argument 
in [7] (see Corollary 3.2, Corollary 4.2 for instance) to conclude that W~ 
scatters when t —f —00 and W'^ blows up at finite time. To get the blowup 
of W~^, we need the crucial property € which is now available as we 
are in dimensions d > 6. 



DYNAMICS FOR ENERGY CRITICAL NLS 



17 



4. Classification of the solution 

Our purpose of this section is to prove Theorem 11.41 Following the argu- 
ment in [7], the key step is to establish the following 

Theorem 4.1. Let 70 > 0. Assume u is the solution of the equation in 
(fLTI) satisfying E{u) = E{W) and 

II^^W -^lli/i < C'e-^"*>V t > 0, (4.1) 

then there exists a € M such that 

u = W. 

As a corollary of Theorem 14.11 we see that modulo time translation, all 
the {W"', a > 0} and {W, a < 0} are same. 

Corollary 4.2. For any a ^ 0, there exists € M such that 

(w''{t) = W+{t + Ta), ifa>0, 
\w''{t) = W-{t + Ta), ifa<0. 

We now prove Theorem 14. II The strategy is the following: we first prove 
that there exists a S M such that u(t) — VF'^(t) has enough decay, then using 
the decay estimate to show that u{t) — W°'{t) is actually identically zero. To 
this end, we have to input the condition (j4.ip and upgrade it to the desired 
decay estimate. At this point, we need the following crucial result from [7]. 

Lemma 4.3. Let h be the solution of the equation 

dth + Ch = e. (4.3) 

And for t > 0, 

M^H[t,oo))<Ce-^^\ INI ^<Ce--*, 

||/i(t)||^i <Ce-<=«*, 

where cq < Ci. Then the following statements hold true, 

• If Co < c\ or Co < Co < ci , then 

ll^ll5H[*,oo)) < C,e-(--'')*. (4.4) 

* If < Cq < c\, then there exists a G M such that 

||/i-ae-^o*3^H.||^,([,^^))<C,e-('=-'^)*. (4.5) 

Let V = u — W, then ()4.ip gives that 

\Ht)\\^^ < e"^"*, t > 0. (4.6) 

Without loss of generality we assume 70 < cq ■ We first show that this decay 
rate can be upgraded to e~^°*. More precisely, we have 

Proposition 4.4. Let v = u — W, then there exists to > such that for all 
t>to, 

MsH[t,oo)) < Ce-^"'^ (4-7) 
m^)\\NH[t,oo)) < Ce~'^'"\ \\R{v){t)\\ ^ < Ce-^^^°*. (4.8) 
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In particular, there exists o € M such that 

\\v - ae-«*3^+||^.([,^)) < C,e-^'-A-r^>o\ (4.9) 

Proof. First we show that (j4.9|) is a consequence of (|4.7p . (j4.8p . To see this, 
note that v satisfies the equation 

idtv + A?; + T{v) + iR{v) = 0, (4.10) 

or equivalently, 

dtv + Cv = -R{v). (4.11) 

Applying Lemma with h = v, e = —R{v), cq = eo, ci = -^rfeo and using 
the estimates (|4.7p and (j4.8p . we obtain (j4.9p . So we only need to establish 
(j4.7p and (j4.8p . This will be done in two steps. At the first step, we prove 
that the Strichartz norm of v decays like e~'^°^ and the dual Strichartz norm 
of R{v) decays even faster. Secondly, we iterate this process and upgrade 
the decay estimate by using Lemma 14.31 finitely many times. 
Step 1. We prove there exists to > such that for t > to, 

MsH[t,oo)) < \\m\\NHlt,oo)) < (4.12) 

Let r be a small constant to be chosen later. Using Strichartz estimate on 
the time interval [t, t + r], we have 

MsHlt,t+r]) ^ II^WIIhi + \\^{'")\\mi[t,t+r]) + II^WIUl{[t,i+r])- (^-IS) 

For the linear term, we have 

< \\WP^-'VvhiLU[t,t+r]xR^) + WW^'-'^^WyhiLU^t+rlxW') (4-14) 

< r||WP'=-^||Lgo||Vi;||iooi2([j_i+^]xR<^) 

Ld\\v\\ 2d 

L^lJ^ {[t,t+T]xR'') 

This is good for us. Now we deal with the term R{v). In lower dimensions, 
it is easy to see that R{v) is superlinear in v. In higher dimensions {d > 6), 
this is trickier. Here we will rely heavily on the fact that W has nice decay 
to show that R{v) is essentially superlinear in v. We claim for any time 
interval /, that 

\\Riv)\\NHi)^M]^j^ + M%^iy (4-15) 

Assume the claim is true for the moment. By (|4.6p . (j4.13p . (j4.14p and (|4.15p . 
we have 



d+ 



\v\ 



Taking r small enough, a continuity argument shows that there exists to > 0, 
such that for all t >to, 



< (4.17) 
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Therefore, we have 



l^llsl([t,00)) ^ Yl \\^h^{[t+Tj,t+T{j + l)]) 

j>0 



Plugging this estimate into ()4.15p . we have proved (j4.12p . 
Now it remains to prove the claim ()4.15p . Recall that 

R{v) = \v + W\P^-\v + W)- - P^^WP^~^v - ^^^WP^-^v, 



where 



J{z) = |1 + zr-\l + z)-l- ^^z - ^^z. 
We write S/R{v) as, 
iVR{v) 

= p^W^^-^VWJi^) + WP^U^)V{^) + WP^M^)V{^) (4.18) 
= + H^r""^V(u + W)- WP^^^VW - {pc - l)WP^~^'7Wv - WP^~^Vv] 

+ + W\P^-^{v + WfV{v + W)- WP^-^VW 

Note moreover for \z\ < 1, J{z) is real analytic in z. Thus for \z\ < |, we 
have 

1^(^)1 < I^P, 

1^.(^)1, \Mz)\ < kl- (4.19) 

To estimate ||Vi?(i;)||^o, we split M.'^ into regimes {x : \v{x)\ < jW{x)} and 
{x : \v{x)\ > \W{x)}. In the first regime, we use the expression ()4.18p . the 
estimate (|4.19p and Lemma 12.31 to get 

v'^ ,, ,, „ V , V 



< \\y\\ + 

In the second regime, we use the second equality in (j4.18p . Using the triangle 
inequality. Lemma 12.31 and noting that the conjugate counterpart will give 
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the same contribution we obtain 



+ \\(\v + WF^-^ - WP^~^WW\ 



NO{r,\v\>^w) 



+ \\WP^-^VWv\ 



NO{l-\v\>^W) 



< \\\vr~'Vv\\^o^j) + l|Vt^|H^^-'lUo(/;H>iH') 



+ \\WP--^VWv\ 



N°i\v\>W) 



d+ 



< \\v\\P.'' ' 11-11 ''-^ 



Combining the two estimates together, ()4.15p is verified. Finahy, we quickly 
show that 

\\R{v)\\ - <e-^=^°*. 

r ci+Z 

Indeed, note R{v) = —iWP''J{^) and J{z) < 1^1^"=, we estimate 

\mv)m ^^<\\\vn\ ^ 

X ^ X 

< Hm ^ < \\v{t)\\^, 

< p-Pc-yot 



Step 2. Iteration. Since v satisfies the equation (|4.1ip . we can use Lemma 
3] with h = V and e = —R{v) to get 



If 3^70 ^ Co, then by repeating the same arguments as above, we have 

Hull ■ < p-^ot 

Il^ll5i([i,oo)) ~ ^ ' 

and the proposition is proved. Otherwise, we are at the same situation as 
the first step with 70 now replaced by ^r^To- Iterating this process finitely 
many times, we obtain the proposition. 

□ 

Based on this result, we now show that u — M^" decays arbitrarily fast. 

Proposition 4.5. For any m > 0, there exists tm > such that 

II" - W"\\sH[t,oc)) < e""*, yt>tm. (4.20) 

Proof. Step 1. We first remark that as a consequence of Proposition 14. 4^ 
we can prove 

Il"-W^1l5i([*,oo))<e"^'"*> Vt>t0. 

Indeed by the triangle inequality and recalling that v = u — W, we estimate 



\^-W^sH[t,oo)) < II" -«e '°*3^+llsi([t,oo)) 
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For the first term, we use (|4.9p to get 

For the last two terms, we use the definition of Vk (see p. ID ) and Proposition 
13.71 to obtain for any 2 < p < oo: 

||V(u;'' - Vko)\\LP^ < Ik" - VkoWH^^-^ 
Integrating in the time variable over [t, oo), we have 



Hence 



Step 2. We will prove ()4.20p by induction. More precisely, suppose there 
exists > such that 

ll^-^1l5i([t,oo))<e-"^'*' Vt>V, (4.21) 
we aim to prove for t large enough that 

From Step 1, we can assume that (j4.2ip holds with mi > ^1^2 ^o- Let h = 
u — W^, then h solves the equation 

dth + Ch = -R{h + w'') + R{w''), (4.23) 

with 

An application of Lemma 14.31 gives immediately (I4.22p if we establish the 
following 

\\R{h + w^m - R{w^m\\ ^ < e"^*-'"^*, (4.24) 

r a+Z 

< e"^*-'"!*, (4.25) 

for t large enough. 

The remaining part of the proof is devoted to showing (|4.25p , (j4.24p . The 
idea is similar to the proof of (j4.15p . We split the space into two regimes. 
In the regime where h is large, we use the decay estimate of W to show 
that R{h + w'^) — R{w"') is superlinear in h. In the regime where h is 
small, we simply use the real analytic expansion of the complex function 
P{z) = |1 + z\P''~^{l + z). However, the argument here is more involved 
than the proof of ()4.15p . 
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We first show (j4.24p . To begin with, we recall the exact form of R{h + 
w"-) — R{w'^). We have 

i{R{h + w") - Riw")) (4.26) 
= 110" + h + WlP^-^w" + h + W)-\w'' + WlP^-^w" + W) 

2 2 
By triangle inequality, we estimate 

WRih+w'^m-Riw^m 2, <\\Rih+wnit)-Riw^m\\ 2. 

(4.27) 

+ \\Rih + wn{t)-R{wnm ^ . 

(4.28) 



For (j4.27p . we use the fact that \w"'{t,x)\ < ^W{x) which follows from 
Corollary 13.81 to estimate 

\\Rih + wnit)-Riw^m\\ 2, (4.29) 

L^{\h\>^W) 



Lf^(\h\>\W) Lf^{\h\>lW) 



<\\\h\P^-\w'' + W)\\ ^ ^ +\\\w'' + W + h\P^-'^h\\ ^ 

. -n-^ . , TIT- 

<\\\Ht)r~'hm ^ 
<\\h{t)r 

L 



T d-2 



For (jl2S]), we use P{z) = |1 + z\P''-^{1 + z) to rewrite (fi:^ into 

i{R{h + w") - R{w'')) (4.30) 
=WP^ ( P(^^) - P(^) - ^ A _ 1^ . (4.31) 



Note that 



«'''+''l<| M<i^ (4.32) 



W - 4' - 2 

We use the expansion for P{z) (see ()3.2ip ) to write 



i{Rih + w") - Riw")) = ' 

jl+j2>2 



• W W w w 



o( J2 cLjCijWP^^^~^vwiwy-~'h\ 



^j>2,l<i<i 
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where \aj \ < 1 and Cjj < 2^ . Therefore by triangle inequahty we have 
\\R{h + w'^m-R{w'^)m ^ (4.33) 

<Y.^'\\hm ^\\WP^-^iw%t)y~'\\ . (4.34) 

j>2 

j>2 j>2, 2<i<j 

< ||Mt)||^i + \\hm% E 2^-(i)-^'^e-^o(^-)* 

i>2 " j>2, 2<i<i 

< p-(eo+mi)f 

Collecting estimates ()i:29D and ()i33]) we obtain (Oil) . 

Next we prove (|4.25p . To this end, we take the gradient and regroup the 
term, we have 



Pc + l 



ilw" + h + W\P^-^ - WP^-^)Vh 



2 

+ ilw" + h + W\P^-^ - \w'' + W\P^-^)V{w'' + W) 



+ {pc - l)WP^-^VWh 



ilw" + h + W\P^-^{w'' + h + wy- WP^-')Vh 



2 

+ ilw" + h + WlP^-^iw" + h + W)^ 
- Iw" + WlP^'-'^w" + VF)2)V(7Z;" + W) 

By Lemma |2.3|, CoroUarv 13.81 and the triangle inequality we have 

l|V(i?(/i + u;'^)-i2(u;'^))IUo([,,^).|;,|>iH.) (4-35) 

+ \\\hr~'V{w^ + T^)IUo([,,^)^|,|>iH/) + ll^"^"'VH^/i|Uo([,,^);|,|>iH^) 

^ Il'^"ll^l{[t,oo))ll^ll5i{[t,oo)) + ll^ll^'i([t,oo)) + "^ll|l~([i,oo)) 
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To get the estimate in the regime where \h\ is small, we adopt the form 
(j4.30p . By chain rule we have 



,w 



Pc + l h pc-l h 



2 W _ 2 W 
2 W 2 W^' 



(4.36) 
(4.37) 



In view of (14.320 .we can use the expansion for P{z) (see ()3.2ip ) to write 
(f06]) as 



ii+i2>2 



■ W W w w 



o( Yl ajCijWP^-^-^\7W{wy-'h\ 



(4.38) 



where the constants aj, Cij are the same as those in ()3.22p . Now we deal 
with the second term (I4.37p . Applying the chain rule and regrouping the 
terms, we eventually get 



1 + 



W 



1 V/i 



E£±lwp^-^vw 

2 



1 + 



h + w"- 



W 



1 h 



1 + 



W 



1 + 



w 



W 



E£±lwP^-^VW 
2 



1 + 



1 + 



h + w" 



W 



Pc-3 



Pc-1 



1 + 



ID 



1 + 



h + w" 



W 



W 



1 + 



1 + 



W 



1 + 



w 



W 



1 + 



h + w" 



W 



Pc-3 



1 + 



W 



W 



w 



(4.39) 
(4.40) 
j Vi«° (4.41) 

Pc"l\ 

(4.42) 
-l^V/i (4.43) 

(4.44) 
(4.45) 



Pc-3 



(4.46) 



For (09]) and (lOOD we use the fact 



\l + z\P^-^ -I < \z\P^-^ 
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to bound them as: 

\mB\ + \^M\ 

<\h + ■w^T" V^l + W~^\VW\ ■ \h + w^l^^-^ ■ \h\. 
For (|4.41|) we use the expansion 

Pc-l Pc - 1 



-,32 



ii+i2>2 



to write 



pI-i 



ii+i2>2 

W ) \ W ) ~ \w) \w) 



\j>2,l<i<j 



where in the last equahty we use the same conventions as in (I3.22p . In 
particular the constants \bj\ < 1 and Cjj < 2-'. We therefore have the 
bound 

j>2,l<i<j 

Similarly for ()4.42p we have 

\ ^im \ < wp^~^vw\vw''h\ + Y, 2^wp^-^~^vw{wy+^-'h'\. 

j>2,l<i<j 



Collecting all the estimates and noticing that ()4.43p through ()4.46p are just 
complex conjugates of ()4.39p through ()4.42p . we therefore can bound ()4.37p 
as follows 



(|071) < Ih + w^lP^-^lVhl 




(4.47) 


+ W~^\VW\ ■ Ih + w^lP^-^ ■ \h\ 




(4.48) 


+ VFP--2|Vu;«/i| 




(4.49) 






(4.50) 


+ Y '2^\wp^~^-^^w''iwy- 

j>2,l<i<j 




(4.51) 


+ Y '2^\wp^~^-^'^w{wy^ 

j>2,l<i<j 




(4.52) 


Now our task is reduced to bounding the A^*^ norm 
through (|4.52p. We start from (j4.47p. usine Lemma [! 


of (I4.38P and (I4.47P 
L3\ and Corollary 13.8 
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we have 

liraiUo(,,^,|,|<.^) < m%,,^,, + ll-l^^aU)ll^ll5H[.oo)) (4.53) 
Similarly we have 



ii™iUo([,^)^„i<.^) < + ii-ii?;;],:L))ii^ii5H[,oo)) (4.54) 

<^"^"*ll^ll5^([,oo))- 



For (j4.49p . (j4.50p . we use Holder's inequality and Corollary 13.81 to get 

IIMIUo([t,oo);|.|<iVK) < \\WP^-'Wh\\ ^ ^ (4.55) 

LgLj; {[t,00)) 

< \\WP^-'^Vw''\ 



L^Li{[t,oc)) LlLt* {[t,oo)) 



<e ^'\Ms\[t,oo)y 



(4.56) 

Now we are left with the estimates of the summation terms (|4.38|) . (|4.51|) 
and We first treat (jl3H]). We have 



11(11381)11 



4 ' 

d+3 



< y 2^||W^-^(w;")J-^/i^-^/i|| ^ (4.57) 



<^2J'||T4^3^-J'/iJ'|| _2d_ (4.58) 



J>2 

d+3 



LiL^'+2 ([t,oo);|h|<iTy) 



+ V 2J'||W^— -^■(u;'^)J'-^/i^-i/i|| ^ . (4.59) 

For (j4.58p we have by Lemma 12.31 

sE2'ii'=ii||,„,-(jr 

i>2 
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For ()4.59p we estimate 

j>2,l<i<j-l 

i>2,i<j<j-i 

<\\h\\- p-f* \^ o-iAi-i-ip-f 

i>2,i<j<i-i 

— — £ 

This ends the estimate of (j4.38p . Using the fact that |Vi(;"| < |VVF| and 
< W , (|4.50p and ()4.52p can be bounded by (|4.38p . thus has the same 
estimate 

630|) + (HMD < e-^*l|/i|l5i([i,oo))- (4-60) 
Cohecting the estimates (j4.35p . (j4.53p through (j4.60p . we have 

\\R{h + w'^) - < e-^^°1/.||5.([,^)) < e^-'"-^)*. 

(|4.25p is proved and we conclude the proof of the Proposition. 

□ 

As the last step of the argument, we show that any solution h of the 
equation (I4.23|) which has enough exponential decay must be identically 0. 
This would imply u = W"" and we can conclude the proof of Theorem 14.11 
To this end, we have 

Proposition 4.6. Let h be the solution of the equation ()4.23p satisfying the 
following: V m > 0, there exists t^ > such that 

ll^llsHIi.oo)) < e"'"*, yt>tm. (4.61) 

Then h = 0. 

Proof. Note first that in an equivalent form, h satisfies 

idth + Ah = -r{h) + i{-R{v + w"") + i?(t(;")), (4.62) 
hence the following Duhamel's formula holds 

e*(*-")^(-r(/i) - iR{h + w") + iR{w''))is)ds, 

since ||/i(i)||^i — > as t ^ oo. Using Strichartz estimate we then have 

Msmt,oo)) < lir(/i)IUi([i,oo)) + ll^(^ + ^")-^K)IUi([t,oo))- 
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Denote ||/i||st := sup^^ ^-^y and we have for i] > small enough 

\\^W\\m{[t,oo)) ^ ^ l|r(/i)||xri([i+^j-j+^(j+i)]) 

^ H^ll^llsi{[t+r?j,t+a+l)r?]) 

i>o 

j>o 
<e-™*|l/i||E 



1 - e-^'" 



-mi I 



m 

From the estimate (14.250 . we get 

II^K + ^)-^K)ll7Vi([i,oo))<3^e' n-n-.„.- 
Combining these two estimates, we get for m large enough that 

\\hh,^ < ^||/i|ls,„, 

which implies that /i = on [tm, oo). Recall that h = u — we obtain 
u = on [tm, oo). Therefore u = VF" by uniqueness of solutions to (jl.ip . 
The Proposition is proved and we have Theorem 14. 1[ □ 

Proof of Corollary The proof is almost the same as Corollary 6.6 in [7]. 
Let a ^ and Ta be such that |a|e-^o'^'' = 1. By (f3lT]) we have 

||M^"(t + rj -t^Te-^°*3^+||/f™,- <e-i^o*. (4.63) 

Moreover W"'{- + Ta) satisfies the assumption in Theorem 14. H thus there 
exists a' such that W^ + Ta) = W' . By gS3]), a' = 1 if a > and a' = -1 
if a < 0. Corollarv 14.21 is proved. 

□ 

Finally, we give the proof of the main theorem 11.41 



Proof of Theorem \1.4\ ' We first note that (2) is just the variational char- 
acterization of W. More precisely we have 

Theorem 4.7. [ll|2l] Let c{d) denote the sharp constant in Sobolev- embedding 

\\f\\^<c{d)\\Vfh. 

Then the equality holds iff f is W up to symmetries. More precisely, there 
exists {6q,Xq,xq) eM. X ]R+ x R'^ such that 

f(x) = e''-\-'^W{^^). 

In particular, if uq satisfies 

E{uo) = E{W), WVuoh = IIVVFII2, 

then uq coincides with W up to symmetries, hence the corresponding solution 
u coincides with W up to symmetries. 



DYNAMICS FOR ENERGY CRITICAL NLS 



29 



It remains for us to show (1), (3). We first prove (1). Let u be the 
maximal-Hfespan solution of (jl.ip on / satisfying E{u) = E{W), ||Vuo||2 < 
II VVF||2- Then by the Proposition [L5l we have / = M. Assume that u blows 
up forward in time. Applying Proposition 11.51 again, we conclude that there 
exist 6'o)/"Oi7o such that 

This implies 
where 

is also a solution of the equation By Theorem l4.1l with 70 now replaced 

by 70)^05 conclude there exists a < such that Uy_Q^^ ^-ij = W"". 
Using Corollary 14. 2^ we get 

u{t,x) = e''^^l~^w-{^xft + Ta,^iQ^x). 

This shows that u = W~ up to symmetries. The proof of (3) is similar so 
we omit it. This ends the proof of Theorem 11.41 
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